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 .The Borovik group B is a Lie primitive finite subgroup of E C which contains8
Alt = Sym with index 2 and is not a direct product. We determine its elements as5 6
 .members of E C -conjugacy classes and discuss its Alt subgroups. Q 1998 Aca-8 5
demic Press
1. DEFINITIONS
Let G be the complex Lie group of type E . It has a unique conjugacy8
class of finite subgroups which are Lie primitive and are the nontrivial
direct product of more than one finite simple group. The normalizer of
such a finite group has the form B, where the socle of B is B = B ,5 6
B , Alt for n s 5, 6 and B is isomorphic to a subgroup of index 2 inn n
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 .  .D [ Aut B = Aut B which contains a copy of Alt = Sym but is not5 6 5 6
w xa direct product. This result was obtained first by A. Borovik Bor89 , so
w xwe call B the Boro¨ik group. See the different treatment in CoGr93 . Since
this finite subgroup is so unusual, we decided to work out the G-conjugacy
classes of its elements. Our main result is summarized in Table 1.1. We
w xuse the results and definitions of CoGr87, Fr95 on elements of finite
TABLE 1.1
 .E C -Conjugacy Classes of the Borovik Group8
 .B = B : S_ B = B :5 6 5 6
Class Trace Cardinality Class Trace Cardinality
in G of the in G of the
intersection intersection
of the given of the given
G-class with G-class with
this coset this coset
2 B y8 735 2 A 24 30
3 A y4 1620 2 B y8 450
3B 5 80 4C 0 1440
4C 0 1440 6F y3 240
5C y2 3624 6G 0 5400
6H 1 1200 6H 1 3600
Uw x6 I 4 900 10KK 3 2 q 4t 720
10OO 2 3240 12 D 0 1800
12 D 0 1800 20D 0 2160
Uw x15D 1 2880 30Q 11 yt 5760
Uw x15DD 2 4 y 3t 1920
20D 0 2160
 .  .M _ B = B : L_ B = B :5 6 5 6
Class Trace Cardinality Class Trace Cardinality
in G of the in G of the
intersection intersection
of the given of the given
G-class with G-class with
this coset this coset
4C 0 7200 2 B y8 360
8S 0 7200 4C 0 1080
12 D 0 3600 6 I 4 720
24C 0 3600 8S 0 7200
10OO 2 1440
20D 0 4320
24C 0 3600
30SS y1 2880
1 ’ .Note. Here, t s 1 q 5 .2
* See the Appendix for an explanation of this notation.
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 .order in G, contribute a table of the classes of order 8 Table 7.1 , and
 .discuss the classes of elements of order greater than 10 see the Appendix .
In more detail, let D and D be the respective direct factors of D as5 6
above and let u : D ª Z and u : D ª Z be nontrivial homomor-5 5 2 6 6 2
phisms; there is just one such u and we take u to be the one whose5 6
kernel is isomorphic to Sym . Extend the domain of each to be D in the6
 .obvious way and set u s u u . Then B may be identified with Ker u . We5 6
will describe elements of B as ordered pairs from D. Call p thek
 .projection from D to D , for k s 5, 6. Identify B with Inn B F D .k k k k
Since Bp 6 s D , we define three subgroups L, M, S, strictly between6
B = B and B as the respective preimages of the subgroups between B5 6 6
 .and D which are isomorphic to PGL 2, 9 , M , and Sym . We work out6 10 6
the G-fusion of the elements of L, M, and S, separately.
To end this introductory section, we define the notion of a fusion
pattern and provide a reproduction of the necessary character tables
  .. w x those of Alt , Sym , Alt , Sym , M , and PGL 2, 9 from Atlas85 see5 6 6 6 10
.Table 1.3 .
DEFINITION 1.2. A fusion pattern from the group A to the group B is a
function f from the set of conjugacy classes of A to the set of conjugacy
classes of B such that
 .  .1 if K is a class in A of elements of order n, then f K is a class
in B of elements of order n;
 . m.2 f commutes with power maps, that is, if K denotes the
conjugacy class of all mth powers of elements of K, a conjugacy class in
 m..  .m.some group, then f K s f K for every class K in A and all
integers m.
We denote fusion patterns from Alt to G by listing the images of the5
 .classes 2 A, 3 A, 5 A see Table 1.3 . We do not list the image of 1 A and we
 .get the image of the remaining class 5B s the set of squares of 5 A by
using the squaring map on G classes.
2. ELEMENTS OF B = B AND S5 6
In this section and the ones that follow, we present our methods for
determining the G-conjugacy of elements of B. Our main tool is the
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TABLE 1.3
Character Tables
Alt , Sym5 5
U1 A 2 A 3 A 5 A B 2 B 4 A 6 A
q 1 1 1 1 1 :qq 1 1 1
Uq 3 y1 0 yb5 q 0 0 0
Uq 3 y1 0 yb5
q 4 0 1 y1 y1 :qq 2 0 y1
q 5 1 y1 0 0 :qq 1 y1 1
Alt and Sym6 6
U1 A 2 A 3 A 3B 4 A 5 A B 2 B 2C 4B 6 A 6B
q 1 1 1 1 1 1 1 :qq 1 1 1 1 1
q 5 1 2 y1 y1 0 0 :qq 3 y1 1 0 y1
q 5 1 y1 2 y1 0 0 :qq y1 3 1 y1 0
Uq 8 0 y1 y1 0 yb5 q 0 0 0 0 0
Uq 8 0 y1 y1 0 yb5
q 9 1 0 0 1 y1 y1 :qq 3 3 y1 0 0
q 10 y2 1 1 0 0 0 :qq 2 y2 0 y1 1
 .M and PGL 2, 910
UU U U4C 8C D 2 D 8 A B 10 A B
:qq 1 1 1 :qq 1 1 1 1 1
q 0 0 0 q 0 0 0 0 0
Uq 0 0 0 :qq 2 0 0 b5
U:qq 2 0 0 b5
:qq 1 y1 y1 :qq y1 1 1 y1 y1
:(( 0 i2 yi2 :qq 0 r2 yr2 0 0
U1 1’ ’ ’w x  .  .Note. Here, as in Atlas85 , b5 s y1 q 5 , b5 s y1 y 5 , i2 s 2 i, where i2 2
’ ’s y 1 , and r2 s 2 .
adjoint character for G and its decompositions in B = B , S, M, and L.5 6
When using the adjoint character, it becomes necessary for us to refer to
characters of subgroups of D which contain either B or B with index 25 6
so we use the following notation.
Notation 2.1. Suppose X is a subgroup of D which contains either B5
or B with index 2. If an irreducible character of such a subgroup is a6
fusion of two irreducible characters of B or B , then we denote it by the5 6
degree of the character, with subscripts a, b, . . . e.g., we denote the
.16-dimensional character of Sym by 16 . If an irreducible character of X6 a
is an extension of an irreducible character of B or B that splits see5 6
w x .Atlas85, p. xxviii for a definition of splitting , then we denote the
w x character that is listed in Atlas85 by its degree and appropriate sub-
.scripts with a superscript ``q.'' The other character is denoted in the same
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way but with a superscript ``y.'' For example, there are four characters of
Sp 6 of degree 5, namely, 5q , 5y , 5q , and 5y.a a b b
Now let W be a subgroup of D of the form W = W where each W is5 6 k
a subgroup of D containing B , k s 5, 6. Then the irreducible charactersk k
of W are tensor products of irreducible characters of W and W . Suppose5 6
u is an irreducible character of W and f is an irreducible character of5
W . If u and f are both fusions of two irreducible characters of B and6 5
B , respectively, then we denote the tensor product as u m f. If u and f6
are both extensions of characters of B and B , respectively that split, then5 6
" " < <u s h and f s m where h s u and m s f . In this case, weB B5 6
 ."represent the tensor product as h m m with a ``q'' if the superscripts of
u and f match, and a ``y'' if they don't. Finally, suppose u is a fusion of
two irreducible characters of W and f is an extension of an irreducible5
 " .character of W that splits say f s m as before , then we write u m f s6
 ."u m m where the sign matches that for f. We use the analogous
notation in the opposite case i.e., when f is a fusion of two irreducible
characters of B and u is an extension of an irreducible character of B6 5
.that splits .
If Y is a subgroup of W containing B = B with index 2, then we will5 6
often write a character for W as in the preceding paragraph when we mean
the restriction of that character to Y.
w  .x   ..By CoGr93, 3.5 if x is the adjoint character for G s E C , then8
<x s 3 m 5 q 3 m 5 q 4 m 8 q 8 .B =B a a b b a a b5 6
q 3 q 3 m 9 q 2 5 m 10 .  .a b a a a
w xup to automorphisms of B = B . By CoGr93, Sect. 4 , we know the5 6
conjugacy classes in G of the elements of B and B namely, 2B, 3A, 5C5 6
.for B , and 2B, 3B, 4C, 5C for B , hence we can easily calculate the5 6
w  .xadjoint character for elements of B = B . By Fr94, 1.12 , if we know the5 6
value of the adjoint character and the power maps for an element of B of
order F 10, we can determine the conjugacy class of G which that
element belongs to. Where the spectra are not immediately available from
w  .xFr95, 1.12 , we can calculate them as described in the Appendix. Unfor-
tunately, the number of possibilities is very large for an element of large
order, but if the power maps are known, the number of possibilities is
reduced substantially. In every case, the spectrum determines conjugacy
because our computer calculations show that no other classes in G have
 .the same trace and powers in G see Tables 7.2]7.5 in Section 7 . The
classes of B = B are shown in Table 2.2.5 6
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TABLE 2.2
Conjugacy Classes in G of Elements of B = B5 6
B proj B proj Trace G-Class Spectrum5 6
1 A 2 A y8 2 B 120, 128
1 A 3 A 5 3B 86, 81
1 A 4 A 0 4C 60, 64, 60
1 A 5 A y2 5C 48, 50, 50
2 A 1 A y8 2 B 120, 128
2 A 2 A y8 2 B 120, 128
2 A 3 A 1 6H 42, 42, 39, 44
2 A 4 A 0 4C 60, 64, 60
2 A 5 A 2 10OO 24, 26, 24, 26, 24, 24
3 A 1 A y4 3 A 80, 84
3 A 2 A 4 6 I 40, 44, 40, 40
3 A 3 A y4 3 A 80, 84
3 A 4 A 0 12 D 20, 22, 20, 20, 20, 22, 20
3 A 5 A 1 15D 16, 17, 17, 16, 17, 16, 16, 17
5 A 1 A y2 5C 48, 50, 50
5 A 2 A 2 10OO 24, 26, 24, 26, 24, 24
5 A 3 A 4 y 3t 15DD 18, 16, 17, 16, 16, 15
18, 17
5 A 4 A 0 20D 12, 13, 12, 13, 12, 12,
12, 13, 12, 13, 12
5 A 5 A y2 5C 48, 50, 50
1 ’ .Note. Here, t s 1 q 5 . The labels in the first column refer to B classes and52
the labels in the second column refer to B classes as in the character tables above.6
 .The labels in the fourth column refer to G-classes. Since B induces Aut B on B ,6 6
classes 3 A and 3B in B fuse, as do 5 A and 5B in B .6 5
 < p q.Now consider the group S. By the orthogonality relations, x , 1 s6S a
 < p y.  < p q.  < p y.  < p q.0, x , 1 s 0, x , 5 s 3, x , 5 s 0, x , 5 s 3,6 6 6 6S S S Sa a a b
 < p y.  < p .  < p q.  < p y.x , 5 s 0, x , 16 s 4, x , 9 s 6, x , 9 s 0,6 6 6 6S S S Sb a a a
 < p q.  < p y. < p q qx , 10 s 5, and x , 10 s 5, so x s 3 ? 5 q 3 ? 5 q 4 ?6 6 6S S Sa a a b
q q y <16 q 6 ? 9 q 5 ? 10 q 5 ? 10 . Since x s 3 m 5 q 3 m 5 q 4B =Ba a a a a a b b a5 6
 .  .  . <m 8 q 8 q 3 q 3 m 9 q 2 5 m 10 , the only possibility for x isSa b a b a a a
 .q  .q  .  . .q  .q3 m 5 q 3 m 5 q 4 m 16 q 3 q 3 m 9 q 5 m 10a a b b a a a b a a a
 .yq 5 m 10 . We calculate the spectra of elements of S as before, and ina a
every case, the spectrum determines conjugacy because our computer
calculations show that no other classes in G have the same trace and
 .powers in G see Tables 7.2, 7.5, and 7.7 . Hence we can calculate the G
 .conjugacy classes of elements of S_ B = B . They are shown in Table5 6
2.3.
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TABLE 2.3
 .Conjugacy Classes in G of Elements of S_ B = B5 6
p 6B proj S proj Trace G-class Spectrum5
1 A 2 B 24 2 A 136, 112
1 A 2C 24 2 A 136, 112
1 A 4B 0 4C 60, 64, 60
1 A 6 A y3 6F 46, 36, 45, 40
1 A 6B y3 6F 46, 36, 45, 40
2 A 2 B y8 2 B 120, 128
2 A 2C y8 2 B 120, 128
2 A 4B 0 4C 60, 64, 60
2 A 6 A 1 6H 42, 42, 39, 44
2 A 6B 1 6H 42, 42, 39, 44
3 A 2 B 0 6G 44, 38, 46, 36
3 A 2C 0 6G 44, 38, 46, 36
3 A 4B 0 12 D 20, 22, 20, 20, 20, 22,
20
3 A 6 A 0 6G 44, 38, 46, 36
3 A 6B 0 6G 44, 38, 46, 36
w x5 A 2 B 6 y 4t 10KK 3 28, 22, 26, 24, 28, 20
5 A 2C 2 q 4t 10KK 28, 24, 28, 22, 26, 20
5 A 4B 0 20D 12, 13, 12, 13, 12, 12
12, 13, 12, 13, 12
5 A 6 A yt 30Q 10, 8, 9, 8, 9, 6, 8, 7, 9,
8, 9, 8, 10, 7, 9, 8
w x5 A 6B y1 q t 30Q 11 10, 7, 9, 8, 9, 6, 10, 8,
9, 8, 9, 7, 8, 8, 9, 8
1 ’ .Note. Here, t s 1 q 5 . As before, we omit entries with B projection of type52
5B.
3. SOME GENERAL RESULTS
In this section we list some general definitions and results about
character theory which will be useful in future sections. To begin, we need
some definitions.
 .  .DEFINITION 3.1. Suppose H 1 K and let u g Irr H . Then I u sK
 < g 4g g K u s u is the inertia group of u in K.
 .DEFINITION 3.2. Suppose H 1 K and let u g Irr H . Then u is in¨ari-
 .ant in K if I u s K.K
 .DEFINITION 3.3. Suppose H 1 K, and u g Irr H . Then we say that u
is extendible to K if there is an irreducible character c of K such that
<f s u .H
THE BOROVIK GROUP 233
 .LEMMA 3.4. Suppose that H 1 K and u g Irr H . If the inertia group for
u is H, then any irreducible character of K whose restriction to H contains u
has ¨alue zero on the elements of K which are not in H.
w  .x Proof. Now by Is76, 6.11 , there is a bijection from the set A [ c g
  .. < . 4   . < < . 4Irr I u c , u / 0 to the set B [ c g Irr K c , u / 0 definedHK
K by c ¬ c . But the set A has only one element in this case since
 . . K KI u s H so the set B has only one element, namely, u , so u is theK
K  .only irreducible character of K that contains u in H. Now u g s 0
;g g K _ H so we have our result.
 .LEMMA 3.5. If H 1 K with index 2 and u g Irr H , and u is in¨ariant,
K  .  .then u s 1 a q y1 a where 1 and y1 are the twoK r H K r H K r H K r H
irreducible characters of KrH and a is an irreducible character of K such that
<a s u .H
 . w  .xProof. Now if u g Irr H , and u is invariant, then by Is76, 6.20 , u is
w x  . <extendible to K since K : H s 2. So 'a g Irr K such that a s u . SoH
w  .x  .  .by Is76, 6.17 , the characters 1 a and y1 a are irreducibleK r H K r H
characters of K and are the only irreducible constituents of u K. Since u K
is clearly the sum of these two irreducibles, we are done.
4. ELEMENTS OF M
 .  .THEOREM 4.1. If x is an element of M _ B = B then x x s 0 and5 6
the order of x is one of 4, 8, 12, or 24 with spectra as in Table 4.3.
<Proof. Now the irreducible constituents of x are 3 m 5 , 3 m 5 ,B =B a a b b5 6
w x  .4 m 8 , 4 m 8 , 3 m 9 , 3 m 9 , and 5 m 10 . By Atlas85 see abovea a a b a a b a a a
<we see that the only irreducible constituent of x which is invariantB =B5 6
 .in M is 5 m 10 so by Lemmas 3.4 and 3.5, if x g M _ B = B , thena a 5 6
 .  ." .  ." .x x s 5 m 10 x q 5 m 10 x . Now since all the characters ofa a a a
B = B extend to real characters of M except 5 m 10 and since 5 m5 6 a a a
.q  .y10 and 5 m 10 are nonreal characters, and the elements of G area a a
 .q  .yreal, the restriction of x to M contains 5 m 10 and 5 = 10 witha a a a
 .  .q .  .y .equal multiplicities so x x s 5 m 10 x q 5 m 10 x s 0, ; xa a a a
 .g M _ B = B .5 6
 .To calculate the order of elements of M _ B = B , suppose x g5 6
 .  . p 5 p 6M _ B = B . Then x s u, ¨ for u g M , ¨ g M . Since u and ¨5 6
w x w x  ..commute, if ¨ belongs to 4C M Atlas85 notation see above , then x10
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w xhas order 4, 4, or 12 as the order of u is 2, 4, or 6. If ¨ belongs to 8C M ,10
then x has order 8, 8, or 24 as the order of u is 2, 4, or 6.
Finally, we calculate the spectra of these elements. For elements of
w xorder 4, we note from Fr95, Table 1.12 that the class 4C is the only class
of elements of order 4 with trace 0. For the other elements, we need the
 .fact that the square of an element of M _ B = B is an element of5 6
B = B . So by Table 2.2 the square of an element of order 8 here must be5 6
in 4C. Thus, by Table 7.1, the class 8S is the only possibility. For elements
of order 12, we note that the fourth power of such an element either has
type 3 A or 3B. But there are no elements of G of order 12 and trace 0
that have fourth power an element of type 3B, so now the spectrum listed
in Table 4.3 is forced on us by Table 7.2. For elements of order 24, we note
 .that the cube is an element of M _ B = B of order 8 and therefore has5 6
type 8S, and its square is an element of order 12 in B = B . By Table 7.6,5 6
this forces the spectrum in Table 4.3.
Remark 4.2. As a result of the proof of Theorem 4.1, we conclude that
 .the spectra of the elements of M _ B = B are enough to determine5 6
conjugacy in G. This is clear for elements of order F 10 by Table 7.1,
w  .x w xFr95, 1.12 , and CoGr87, Table 4 . For elements of order ) 10, our
computer calculations in each case determined all G-classes that possessed
the required power map behavior. In each case, only one class met both
 .the power map and trace criteria, and so all elements of M _ B = B of5 6
the same order are conjugate in G. See the Appendix for the actual
calculations.
We summarize our results in Table 4.3.
TABLE 4.3
 .Conjugacy Classes in G of Elements of M _ B = B5 6
p p5 6M -proj M -proj Trace G-class Spectrum
2 B 4C 0 4C 60, 64, 60
4 A 4C 0 4C 20, 22, 20, 20, 20, 22
6 A 4C 0 12 D 20, 22, 20, 20, 20, 22
2 B 8C 0 8S 30, 32, 30, 32, 30
4 A 8C 0 8S 30, 32, 30, 32, 30
6 A 8C 0 24C 10, 11, 10, 10, 10, 11,
10, 11, 10, 10, 10, 11,
10
Note. Since elements of Mp 6 of types 8C and 8 D are inverse classes in this
group, they are conjugate in G and so we list only 8C.
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5. ELEMENTS OF L
LEMMA 5.1. If ¨ is an element of Lp 6 _ B , and u is an odd in¨olution in6
p 5 .  .L s D , then u, ¨ is an element of L of type 2 B, 8S, or 10OO in G.5
 .  .  .Proof. It is clear that u, ¨ is in L since u u s u ¨ s y1, so
 .  .u u, ¨ s 1 and so u, ¨ is in B and therefore in L. We remind the reader
p 6  .  . :  .that L ( PGL 2, 9 . Moreover, u, ¨ , B , PGL 2, 9 is a subgroup of6
L. We are considering the elements of B as elements of D written as6
.ordered pairs the first coordinate of which is 1. We proceed by consider-
 . :ing all possible fusion patterns of u, ¨ , B in G and then calculating6
the dimension of the connected centralizer for a group with each fusion
pattern. Of course we already know how the classes of B fuse in G, so we6
analyze the other elements.
p 6  .2Let y be an element of L of order 8. Then u, y is an element of B6
 .of order 4 so has type 4C, so u, y has type 8L, 8P, 8S, 8U, or 8V or is a
’cube of an element in one of these classes so has trace 20 " 6 2 , 4, 0,
’  ..48 " 32 2 , or 16, respectively see Table 7.1 .
p 6  .2If z is an element of L of order 10, then u, z is an element of order
 .5 in B so has type 5C. So u, z has type 10T , 10U, 10FF, 10KK, or6
10OO, or is a cube of an element in one of these classes so has trace
22 q 40t , 62 y 40t , 14 q 20t , 34 y 20t , 22, 2 q 4t , 6 y 4t , or 2, respec-
w x.  .5  . :tively, by Fr95, Table 1.12 . Since u, z g u, ¨ , B _ B , once we6 6
determine the type of z, we know the type of the elements of order 2 in
 . :  .  p 6.u, ¨ , B _ B . Since C B has dimension 0, C L also has dimen-6 6 G 6 G
 < .sion 0, so if we calculate x , 1 , the only fusion pattern thatu, ¨ ., B : a6
affords the proper centralizer dimension includes 8S and 10OO and
.therefore 2 B .
 .THEOREM 5.2. L_ B = B is the disjoint union of the classes listed in5 6
Table 5.4.
 . :Proof. By Lemma 5.1, the elements of u, ¨ , B _ B , where u and ¨6 6
are as in Lemma 5.1, have type 2 B, 8S, and 10OO in G. Now the
<irreducible constituents of x are 3 m 5 , 3 m 5 , 4 m 8 , 4 m 8 ,B =B . a a b b a a a b5 6
w x3 m 9 , 3 m 9 , and 5 m 10 . By Atlas85 we see that the only irre-a a b a a a
ducible constituents which are invariant in L are 4 m 8 , 4 m 8 , anda a a b
5 m 10 , so by Lemmas 3.4 and 3.5, if x is an element of L_ B =a a 5
.  .  ." .  . ."  ." . B , x x s 4 m 8 x q 4 m 8 x q 5 m 10 x q 5 m6 a a a b a a a
." . <10 x . In order to pin down the exact decomposition of x , weL_ B =B .a 5 6
 .examine the value of x on a few elements of L_ B = B .5 6
 . p 6Consider the element u, ¨ where ¨ has order 8 in L such that1 1
 . w  .x u, ¨ has type 8 A PGL 2, 9 . Note that, by the proof of Lemma 5.1,1
 .  . :  . .  . u, ¨ g u, ¨ , B ( PGL 2, 9 . Then x u, ¨ is equal to one of 5 m1 6 1 a
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q q q’.  .  .  .  .  . 10 u, ¨ q 5 m 10 u, ¨ s 2 , 5 m 10 u, ¨ q 5 ma 1 a a 1 a a 1 a
y y y ’.  .  .  .  .  .10 u, ¨ s 0 or 5 m 10 u, ¨ q 5 m 10 u, ¨ s y 2 sincea 1 a a 1 a a 1
 ."  ."  .4 m 8 and 4 m 8 are zero on elements of type 8 A in PGL 2, 9 .a a a b
 . w x  .But, by Lemma 5.1, we know that u, ¨ has type 8S G so x u , ¨ s 01 1 1
 .  ." .  ." .  .q .so we see that x x s 4 m 8 x q 4 m 8 x q 5 m 10 xa a a b a a
 .y .q 5 m 10 x .a a
 .Next, consider an element u, ¨ g L where ¨ is an element of order2 2
p 6  . w  .x 10 in L such that u, ¨ has type 10 A PGL 2, 9 . Recall that, by the2
 .  . :  . .  .proof of Lemma 5.1, u, ¨ g u, ¨ , B ( PGL 2, 9 . Then x u, ¨2 6 2
 .q .  .q . is equal to one of 4 m 8 u, ¨ q 4 m 8 u, ¨ s y2, 4 ma a 2 a b 2 a
.q .  .y .  .y . 8 u, ¨ q 4 m 8 u, ¨ s 0, or 4 m 8 u, ¨ q 4 ma 2 a b 2 a a 2 b
.y .  . w x8 u, ¨ s 2. But, by Lemma 5.1, we know that u, ¨ has type 10OO Gb 2 2
 .  .  .y .  .y .so x u, ¨ s 2 so we see that x x s 4 m 8 x q 4 m 8 x q2 a a b b
 .q .  .y .5 m 10 x q 5 m 10 x .a a a a
 .  .To calculate the order of elements of L_ B = B , suppose u, ¨ g5 6
 . p 5 p 6L_ B = B where u g L , ¨ g L . Since u and ¨ commute, if ¨ has5 6
 .order 2, then u, ¨ has order 2, 4, or 6 as the order of u is 2, 4, or 6. If ¨
 .has order 8, then u, ¨ has order 8, 8, or 24 as the order of u is 2, 4, or 6.
 .If ¨ has order 10, then u, ¨ has order 10, 20, or 30 as the order of u is 2,
4, or 6. We calculate the adjoint character as described in the preceding
paragraph. In each case, the value of the adjoint character and knowledge
of which G-classes the powers of each element lie in are enough to
 w  .xdetermine conjugacy in G. See Fr95, 1.12 .
At last, we are ready to calculate the spectra of these elements. Of
course, for elements of orders 2, 4, 6, and 10, we can just read the spectra
w  .xfrom Fr95, 1.12 , and Table 7.1 gives us the spectrum for the element of
order 8 when we note that the square of such an element has to be in
B = B and therefore has type 4C. For elements of order 24, we note that5 6
they have the same even powers as the corresponding elements of M since
there is only one class of elements of order 12 in B = B , so we end up5 6
 .with the same spectra see Table 7.6 . Similarly, we get the spectra for
 .  .elements of orders 20 see Table 7.5 and 30 see Table 7.8 .
Remark 5.3. As a result of the proof of Theorem 5.2, we conclude that
 .the spectra of the elements of L_ B = B are enough to determine5 6
conjugacy in G. This is clear for elements of order F 10 by Table 7.1,
w  .x w xFr95, 1.12 , and CoGr87, Table 4 . For elements of order ) 10, our
computer calculations in each case determined all G-classes that possessed
the required power maps. In each case, only one class met both the power
 . map and trace criteria see the Appendix , and so all elements of L_ B5
.= B of the same order are conjugate in G.6
We list our results in Table 5.4.
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TABLE 5.4
 .Conjugacy Classes in G of Elements of L_ B = B5 6
p p5 6L -proj L -proj Trace G-class Spectrum
2 B 2 D y8 2 B 120, 128
4 A 2 D 0 4C 60, 64, 60
6 A 2 D 4 6 I 40, 44, 40, 40
2 B 8 A 0 8S 30, 32, 30, 32, 30
4 A 8 A 0 8S 30, 32, 30, 32, 30
6 A 8 A 0 24C 10, 11, 10, 10, 10,
11, 10, 11, 10, 10,
10, 11, 10
2 B 10 A 2 10OO 24, 26, 24, 26, 24
24
4 A 10 A 0 20D 12, 13, 12, 13, 12,
12, 12, 13, 12, 13,
12
6 A 10 A y1 30SS 8, 9, 8, 8, 8, 8, 8, 9,
8, 8, 8, 9, 8, 9, 8, 8
Note. Here we note that the differences between elements Lp 6 of types
w  .x w  .x w  .x8 A PGL 2, 9 and 8 B PGL 2, 9 , and between 10 A PGL 2, 9 and
w  .x10B PGL 2, 9 do not affect the trace or the conjugacy classes of diagonal
elements with these Lp 6 projections so we exclude them from the table.
6. ON Alt SUBGROUPS OF THE BOROVIK GROUP5
In this section, we analyze the Alt subgroups of B and discuss their5
conjugacy. We point out that the fusion patterns for Alt subgroups of G5
w  .xhave been classified in Fr95, 7.5 . The term ZDC means ``zero dimen-
sional centralizer,'' i.e., fixed point free action on the adjoint module.
THEOREM 6.1. In B, there are just three conjugacy classes of Alt sub-5
 4groups, B , the Alt subgroups of B , and the set of Alt -subgroups of5 5 6 5
B = B diagonally embedded. The first and last classes listed ha¨e the ZDC5 6
 . fusion pattern 844: 2 B, 3 A, 5C and the second has fusion pattern 1040:
.2 B, 3B, 5C .
 .Proof. This follows from the two facts that B induces Aut B on B6 6
 .and that Aut Alt is transitive on the sets of its index n subgroups for alln
n. Proof of the last part: If H is a subgroup of G of index n, we have a
homomorphism of G onto a transitive subgroup of Sym in which H mapsn
. w xto a point stabilizer. The fusion patterns are from CoGr93, Sect. 4 .
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TABLE 7.1
Conjugacy Classes in G of Elements of Order 8
Trace on
Centralizer adjoint
Class Vector type Eigenvalues module
w x  .8 A G 2, 0, 1, 0, 0, 0, 0, 0 A T 64, 28, 1, 28, 70 y67 1
’w xw x  .8 B 3 B 0, 1, 0, 0, 0, 0, 0, 0 A T 64, 56, 28, 8, 0 64 q 48 27 1
’w xw x  .8C 3 A 0, 0, 1, 0, 0, 0, 0, 0 A A T 52, 42, 35, 14, 14 38 q 28 26 1 1
’w xw x  .8 D 3 B 0, 1, 0, 0, 0, 0, 0, 1 A T 50, 42, 28, 22, 14 36 q 20 26 2
’w xw x  .8 E 3 F 0, 1, 0, 0, 0, 0, 0, 2 A T 50, 36, 14, 28, 42 8 q 8 26 2
w x  .8F A 1, 1, 0, 0, 0, 0, 0, 0 A T 50, 28, 35, 28, 16 346 2
’w xw x  .8G 3 E 0, 0, 1, 0, 0, 0, 0, 2 A A A T 42, 30, 27, 26, 40 2 q 4 25 1 1 1
’w xw x  .8 H 3 D 0, 1, 0, 0, 0, 0, 1, 0 A A T 40, 32, 33, 24, 30 10 q 8 25 1 2
w x  .8 I F 1, 0, 1, 0, 0, 0, 0, 1 A A T 40, 28, 27, 28, 42 y25 1 2
’w xw x  .8 J 3 A 0, 0, 1, 0, 0, 0, 0, 1 A A T 40, 36, 28, 28, 24 16 q 8 25 1 2
w x  .8 K D 1, 1, 0, 0, 0, 0, 0, 1 A T 38, 28, 33, 28, 32 65 3
’w xw x  .8 L 3 C 0, 0, 0, 0, 1, 0, 0, 0 A A T 40, 40, 30, 24, 20 20 q 16 24 3 1
’w xw x  .8 M 3 A 0, 0, 0, 1, 0, 0, 0, 0 A A A T 36, 30, 35, 26, 30 6 q 4 24 2 1 1
’w xw x  .8 N 3 B 0, 0, 0, 0, 1, 0, 0, 1 A A T 34, 34, 28, 30, 30 4 q 4 24 2 2
w x  .8O A 0, 1, 0, 0, 0, 1, 0, 0 A A T 34, 28, 35, 28, 32 24 2 2
w x  .8 P C 0, 0, 1, 0, 0, 0, 1, 0 A A A T 32, 32, 30, 32, 28 44 1 1 2
w x  .8Q D 0, 0, 1, 0, 0, 1, 0, 0 A A A T 34, 28, 33, 28, 36 y23 3 1 1
w x  .8 R B 1, 0, 0, 0, 1, 0, 0, 0 A A T 32, 32, 28, 32, 32 03 3 2
w x  .8S C 0, 0, 0, 1, 0, 0, 0, 1 A A A A T 30, 32 30, 32, 30 03 2 1 1 1
w x  .8T F 2, 0, 0, 0, 0, 1, 0, 0 A D T 44, 32, 14, 32, 48 y43 4 1
’w xw x  .8U 3 C 0, 0, 0, 0, 0, 1, 0, 0 A D T 54, 48, 30, 16, 6 48 q 32 22 5 1
w x  .8V C 1, 0, 0, 0, 0, 1, 0, 0 A D T 38, 32, 30, 32, 22 162 4 2
w x  .8W F 0, 0, 0, 0, 0, 1, 0, 2 A A D T 52, 32, 14, 32, 40 121 1 5 1
w x  .8 X D 1, 0, 0, 0, 0, 1, 0, 1 A A D T 36, 28, 33, 28, 34 21 1 4 2
’w xw x  .8Y 3 G 1, 0, 0, 0, 0, 0, 0, 3 A D T 70, 32, 1, 24, 64 6 q 8 21 6 1
’w xw x  .8Z 3 D 1, 0, 0, 0, 0, 0, 1, 0 A D T 50, 36, 33, 20, 20 30 q 16 21 5 2
’w xw x  .8 AA 3 E 0, 0, 0, 0, 0, 1, 0, 1 A D T 50, 34, 27, 22, 32 18 q 12 21 5 2
’w xw x  .8 BB 3 E 0, 0, 0, 0, 0, 0, 1, 0 A E T 82, 54, 27, 2, 0 82 q 52 21 6 1
’w xw x  .8CC 3 F 1, 0, 0, 0, 0, 0, 0, 0 D T 92, 64, 14, 0, 0 92 q 64 27 1
’w xw x  .8 DD 3 D 1, 0, 0, 0, 0, 0, 0, 1 D T 68, 44, 33, 12, 2 66 q 32 26 2
w x  .8 EE F 1, 0, 0, 0, 0, 0, 0, 2 D T 68, 32, 14, 32, 24 446 2
w x  .8FF E 1, 0, 0, 0, 0, 0, 1, 1 D T 48, 24, 27, 28, 34 145 3
’w xw x  .8GG 3 G 0, 0, 0, 0, 0, 0, 0, 1 E T 134, 56, 1, 0, 0 134 q 56 27 1
w x  .8 HH G 0, 0, 0, 0, 0, 0, 1, 2 E T 80, 28, 1, 28, 54 266 2
w x  .8 II E 0, 0, 0, 0, 0, 0, 1, 1 E T 80, 28, 27, 28, 2 786 2
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7. APPENDIX
In this section we list relevant G-conjugacy classes of elements in Tables
7.1]7.8. Each table represents G-conjugacy classes of elements with cer-
tain orders and certain powers. The first column of each table contains a
 .label the numerical digits not in brackets of which indicate the order of
TABLE 7.2
Elements of G of Order 12 with Powers in the G-Classes 4C and 3 A
Class Vector Spectrum Trace
w xw x12 A 5 I 001001002 28, 16, 24, 20, 16, 28, 12 y9.569171
w xw x12 B 5 I 010002000 40, 4, 30, 20, 10, 40, 0 y44.70761
w xw x12C 5 A 031000010 34, 25, 15, 8, 13, 31, 30 y12.78457
w x12 D I 110010010 20, 22, 20, 20, 20, 22, 20 4.998854E-05
w x12 E I 200100101 24, 22, 22, 20, 18, 22, 16 16.00005
TABLE 7.3
Elements of G of Order 15 with Powers in the G-Classes 3 A and 5C
Class Vector Spectrum Trace
w x15 A 2, 4, 7 000200110 28, 7, 24, 8, 25, 10, 18, 18 y1.712195
w x15B 2, 4, 7 001000300 40, 10, 0, 20, 40, 4, 0, 30 y.4195695
w x15C 2, 4, 7 020101001 22, 18, 16, 12, 15, 13, 17, 22 y2.964725
15D 110010101 16, 17, 17, 16, 17, 16, 16, 17 .9999755
TABLE 7.4
Elements of G of Order 15 with Powers in the G-Classes 3B and 5C
Class Vector Spectrum Trace
w x15 AA 2, 4, 7 000001005 36, 30, 15, 5, 0, 6, 20, 30 16.92726
w x15BB 2, 4, 7 000011002 24, 9, 24, 11, 21, 12, 20, 15 1.265134
w x15CC 2, 4, 7 021000102 24, 14, 16, 15, 20, 12, 16, 19 1.022647
w x15DD 2 110101010 18, 16, 17, 16, 16, 15, 18, 17 y.8541262
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TABLE 7.5
Elements of G of Order 20 with Powers in the G-Classes 4C and 10OO
Class Vector Spectrum Trace
w x20 A 3, 7, 9 000010041 24, 20, 9, 2, 3, 12, 21, 24, 15, 6, 0 3.934188
w x20B 3, 7, 9 000110022 20, 8, 17, 8, 13, 12, 11, 18, 7, 18, 4 2.639547
w x20C 3, 7, 9 012010101 16, 14, 11, 10, 9, 12, 15, 16, 13, 12, 8 y2.193495
20D 111101011 12, 13, 12, 13, 12, 12, 12, 13, 12, 13, 12 y2.465251E-05
w x20E 3 211001021 16, 13, 12, 13, 10, 12, 14, 13, 12, 13, 8 5.527839
TABLE 7.6
Elements of G of Order 24 with Powers in the G-Classes 8S and 12 D
Class Vector Spectrum Trace
w x24 A 5, 7, 11 000102103 20, 8, 3, 16, 15, 2, 10, 20, 5, 4, 17, 14, 0 1.813228
w x24B 5, 7, 11 010012101 16, 12, 5, 6, 13, 16, 10, 6, 7, 14, 15, 10, 4 y1.594159
24C 111101111 10, 11, 10, 10, 10, 11, 10, 11, 10, 10, 10, 11, 10 y2.61466E-05
w x24D 5 202101012 14, 10, 10, 8, 12, 12, 10, 10, 8, 12, 10, 12, 6 3.514692
w x24E 5 311110101 12, 11, 9, 10, 11, 11, 10, 11, 9, 10, 11, 11, 8 2.535872
w x24F 7 401201002 18, 8, 10, 10, 14, 8, 10, 14, 6, 10, 10, 14, 2 9.303035
that element. Within the first pair of square brackets are the exponents of
nontrivial powers representing distinct conjugacy classes of elements of the
same order and within the second set of square brackets are letters
indicating the labels of conjugacy classes of powers by prime divisors of n
 .in decreasing order of power . Any powers which are obvious from the
title of the table are not included in brackets. The elements of order n are
 .obtained by finding all sequences of nonnegative integers s , s , . . . , s0 1 n
generating the unit ideal in the ring of integers and such that n a s s nis0 i i
1. w x wwhere the a are labels for E in Kac90, Table Aff1 . Then, by Kac90,i 8
xTheorem 8.6 , we can easily calculate the multiplicities of the eigenvalues
of each class of elements. We did these calculations by computer. The
numbers in the ``Trace'' column are computer approximations to the value
of the adjoint character and are accurate to four decimal places except in
Table 7.1 where the traces are exact. The Lie Types of centralizer
w  .xcomponents come from Kac90, Proposition 8.6 b .
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